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BINOMIAL GENERATION OF THE RADICAL OF A LATTICE
IDEAL
ANARGYROS KATSABEKIS, MARCEL MORALES, AND APOSTOLOS THOMA
Abstract. Let IL,ρ be a lattice ideal. We provide a necessary and sufficient
criterion under which a set of binomials in IL,ρ generate the radical of IL,ρ up
to radical. We apply our results to the problem of determining the minimal
number of generators of IL,ρ or of the rad(IL,ρ) up to radical.
1. Introduction
Lattice ideals is an important class of binomial ideals with a lot of applications
in several areas like algebraic statistics, dynamical systems, graph theory, hyperge-
ometric differential equations, integer programming and toric geometry [8]. Lattice
ideals are generalizations of toric ideals, see [18, 23] for details about these ideals.
The generation of the radical of a lattice ideal up to radical by binomials was the
subject of several recent papers, see [1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 15, 16, 20]
and sections of books [24, 25]. In [9] S. Eliahou and R. Villarreal, see Theorem 2.5,
provide two necessary and sufficient conditions for a set of binomials to generate a
toric ideal up to radical. This result was later generalized by K. Eto [10, 11] for
lattice ideals. The last years appeared results in the literature [1, 15] that required
a huge number of binomials to generate the radical of lattice ideals up to radical.
In this article we approach the problem in a different manner to understand these
results.
Let (L, ρ) be a partial character on Zm, then we associate to any lattice ideal
IL,ρ a rational polyhedral cone σL = posQ(A), where A = {a1, . . . , am}, see section
2 for details. Let S be a subset of the cone σL, then ES := {i ∈ {1, . . . ,m}|ai ∈ S}.
Given a vector u = (u1, . . . , um) ∈ Zm, its support is the set
supp(u) = {i ∈ {1, . . . ,m} | ui 6= 0}.
We can write every vector u in Zm uniquely as u = u+ − u−, where u+ and
u− are non-negative and have disjoint support. We shall denote by ZE the set
{u ∈ Zm | supp(u) ⊂ E}.
Definition 1.1. We say that the set of binomials {B(u1), B(u2), . . . , B(uq)} ⊂ IL,ρ
is a cover of A if and only if for every E ⊂ {1, . . . ,m}, that is not in the form EF for
a face F of σL, there exist an i ∈ {1, . . . , q} such that (ui)+ ∈ ZE and (ui)− /∈ ZE
or (ui)− ∈ ZE and (ui)+ /∈ ZE .
The next theorem improves and generalizes results of S. Eliahou-R. Villarreal [9]
and K. Eto [10, 11]. It shows how the binomial generation of the radical of a lattice
ideal is related with the geometry of the cone σL and the algebra of the lattice L.
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Theorem 3.5. Let (L, ρ) be a partial character on Zm, u1, . . . ,uq be elements of
the lattice L and σL = posQ(A) the rational polyhedral cone associated to IL,ρ.
Then
rad(IL,ρ) = rad(B(u1), B(u2), . . . , B(uq))
if and only if
(i) {B(u1), B(u2), . . . , B(uq)} is a cover of A,
(ii) for every face F of σL we have
L ∩ ZEF =
∑
ui∈ZEF
Zui,
in characteristic zero. While in characteristic p > 0,
(L ∩ ZEF ) : p∞ = (
∑
ui∈ZEF
Zui) : p∞.
The two conditions depend also on the geometry of the cone σL. In particular our
first condition depend on the non faces of σL and the second involve sublattices as-
sociated to faces of the cone. The new conditions explain why there are lattices that
require a huge number of binomials to generate the radical of a lattice ideal up to
radical, see the remark after Proposition 3.6. In section 4 we provide a necessary and
sufficient condition for a lattice ideal to be complete intersection. Finally we prove
that lattice ideals with associated full vector configuration are either set-theoretic
complete intersection or almost set-theoretic complete intersection in characteris-
tic zero, while they are set-theoretic complete intersection in positive characteristic.
2. Basics on lattice ideals
Let K be a field of any characteristic. A lattice is a finitely generated free abelian
group. A partial character (L, ρ) on Zm is a homomorphism ρ from a sublattice L
of Zm to the multiplicative group K∗ = K − {0}. Given a partial character (L, ρ)
on Zm, we define the ideal
IL,ρ := ({B(α) := x
α+ − ρ(α)xα− |α = α+ − α− ∈ L}) ⊂ K[x1, . . . , xm]
called lattice ideal. Where xβ = xβ11 · · ·x
βm
m for β = (β1, . . . , βm) ∈ N
m. The height
of IL,ρ is equal to the rank of L. Given a finite subset C of L, define the ideal
JC,ρ := ({B(α) | α = α+ − α− ∈ C}) ⊂ IL,ρ.
Lemma 2.1. [23] A subset C spans the lattice L if and only if
JC,ρ : (x1 · · ·xm)
∞ = IL,ρ.
If L is a sublattice of Zm, then the saturation of L is the lattice
Sat(L) := {α ∈ Zm|dα ∈ L for some d ∈ Z, d 6= 0}.
We say that the lattice L is saturated if L = Sat(L). The lattice ideal IL,ρ is prime
if and only if L is saturated.
For a prime number p the p-saturation of L is the lattice
(L : p∞) := {α ∈ Zm|pkα ∈ L for some k ∈ N}.
Throughout this paper we assume that L is a non-zero positive sublattice of Zm,
that is L ∩ Nm = {0}. This means that the lattice ideal IL,ρ is homogeneous with
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respect to some positive grading.
The group Zm/Sat(L) is free abelian, therefore is isomorphic to Zn, where n =
m− rank(L). Let ψ be the above isomorphism, e1, . . . , em the unit vectors of Zm
and ai := ψ(ei + Sat(L)) for 1 ≤ i ≤ m. We call A = {ai|1 ≤ i ≤ m} ⊂ Zn the
configuration of vectors associated to the lattice L.
We grade K[x1, . . . , xm] by setting degA(xi) = ai for i = 1, . . . ,m. We define the
A-degree of the monomial xu to be
degA(x
u) := u1a1 + · · ·+ umam ∈ NA,
where NA is the semigroup generated by A. A polynomial F ∈ K[x1, . . . , xm] is
called A-homogeneous if the monomials in each non zero term of F have the same
A-degree. An ideal I is A-homogeneous if it is generated by A-homogeneous poly-
nomials. The lattice ideal IL,ρ, as well as every binomial in it, is A-homogeneous.
The binomial arithmetical rank of a binomial ideal I (written bar(I)) is the
smallest integer s for which there exist binomials f1, . . . , fs in I such that rad(I) =
rad(f1, . . . , fs). Hence the binomial arithmetical rank is an upper bound for the
arithmetical rank of a binomial ideal (written ara(I)), which is the smallest integer
s for which there exists f1, . . . , fs in I such that rad(I) = rad(f1, . . . , fs). From the
definitions, the generalized Krull’s principal ideal theorem and the graded version
of Nakayama’s Lemma we deduce the following inequality for a lattice ideal IL,ρ:
h(IL,ρ) ≤ ara(IL,ρ) ≤ bar(IL,ρ) ≤ µ(IL,ρ).
Here h(I) denotes the height and µ(I) denotes the minimal number of generators
of an ideal I. When h(I) = ara(I) the ideal I is called a set-theoretic complete
intersection; when h(I) = µ(I) it is called a complete intersection. The ideal I is
called an almost set-theoretic complete intersection if ara(I) ≤ h(I) + 1.
We associate to the lattice ideal IL,ρ the rational polyhedral cone
σL = posQ(A) := {λ1a1 + · · ·+ λmam|λi ∈ Q and λi ≥ 0}.
The dimension of σL is equal to the dimension of the Q-vector space
spanQ(σL) = {λ1a1 + · · ·+ λmam|λi ∈ Q}.
A face of σL is any set of the form
F = σL ∩ {x ∈ Qn : cx = 0}
where c ∈ Qn and cx ≥ 0 for all x ∈ σL. Faces of dimension one are called extreme
rays. If the number of the extreme rays of a cone coincides with the dimension (i.e.
the extreme rays are linearly independent), the cone is called simplex cone. A cone
σ is strongly convex if σ ∩ −σ = {0}. The condition that the lattice L is positive,
is equivalent with the condition that the cone σL is strongly convex.
We decompose the affine space Km into 2m coordinate cells,
(K∗)E := {(q1, . . . , qm) ∈ K
m|qi 6= 0 for i ∈ E, qi = 0 for i /∈ E},
where E runs over all subsets of {1, . . . ,m}. Let P = (x1, . . . , xm) be a point of
Km then
PE := (δ
E
1 x1, δ
E
2 x2, . . . , δ
E
mxm) ∈ K
m,
where δEi = 1 if i ∈ E and δ
E
i = 0 if i /∈ E. Note that if P ∈ (K
∗){1,...,m} then
PE ∈ (K
∗)E .
The n-dimensional algebraic torus (K∗)n acts on the affine m-space Km via
(x1, . . . , xm)→ (x1t
a1 , . . . , xmt
am).
4 A. KATSABEKIS, M. MORALES, AND A. THOMA
Let K denotes the algebraic closure ofK. For the lattice algebraic set V (IL,ρ) ⊂ K
m
we have that V (IL,ρ) = ∪
g
j=1XA,j , see [8] and [15], where the affine toric variety
XA,j is the Zariski-closure of the (K
∗)n-orbit of a point Pj = (cj1, cj2, . . . , cjm) ∈
Km for appropriate cji all different from zero. Actually the toric variety XA,j is
the disjoint union of the orbits of the points (Pj)EF , for every face F of σL. There
are no points of the toric varieties XA,j which are in the cells (K
∗)E , where E is
not in the form EF for a face F of σL. Thus the lattice algebraic set V (IL,ρ) has
points only on the cells in the form (K∗)EF for some face F of the cone σL.
3. Radical generation by binomials
Set K[E] = K[{xi|i ∈ E}], where E is a subset of {1, . . . ,m}.
Lemma 3.1. (Cf. [15], Lemma 2.3) Let F be a face of the rational polyhedral cone
σL = posQ(A). The monomial x
u ∈ K[EF ] if and only if degA(x
u) ∈ F .
To every face F of σL we can associate the ideal ILF ,ρ := IL,ρ ∩ K[EF ]. The
next proposition shows how the geometry of the cone affects the radical generation
by A-homogeneous polynomials. Note that binomials in a lattice ideal are always
A-homogeneous.
Proposition 3.2. Let B = {G1, G2, . . . , Gq} ⊂ IL,ρ be a set of A-homogenous
polynomials and σL = posQ(A) the rational polyhedral cone associated to IL,ρ. Then
B generate rad(IL,ρ) up to radical if and only if for every face F of σL the set
B ∩K[EF ] generate rad(ILF,ρ ) up to radical.
Proof. (⇐) For F = σL we have that K[EσL ] = K[x1, . . . , xm], so ILσL ,ρ = IL,ρ
and also B ∩K[EσL ] = B.
(⇒) Obviously B ∩K[EF ] ⊂ ILF,ρ and therefore rad(B ∩K[EF ]) ⊂ rad(ILF ,ρ). It
is enough to show that ILF ,ρ ⊂ rad(B ∩ K[EF ]). Let f ∈ ILF ,ρ ⊂ IL,ρ, so there
exist a positive integer k and polynomials A1, . . . Aq ∈ K[x1, . . . , xm] such that
fk = A1G1 + · · ·+ AqGq.
For every polynomial h ∈ K[x1, . . . , xm], we let hF the polynomial in K[EF ] taken
from h by setting all the variables xi, where i /∈ EF , equal to zero. There are two
cases for the polynomial Gi:
(1) Gi belongs to K[EF ]. In this case (Gi)F = Gi.
(2) the polynomial Gi does not belong to K[EF ]. Then, from Lemma 3.1,
every monomial of Gi does not belong to K[EF ] since the polynomial Gi is
A-homogeneous. In this case (Gi)F = 0.
It follows thatB∩K[EF ] consists of the nonzero polynomials among (G1)F , . . . , (Gq)F .
We have that
fk = (fF )
k = (A1)F (G1)F + · · ·+ (Aq)F (Gq)F ,
since f ∈ ILF ,ρ = IL,ρ ∩K[EF ]. Thus f
k belongs to the ideal generated by the set
B ∩K[EF ]. 
Lemma 3.3. Let (L, ρ) be a partial character on Zm and F a face of σL = posQ(A).
Then a vector u = u+−u− ∈ L belongs to ZEF if and only if u+ ∈ ZEF if and only
if u− ∈ ZEF .
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Proof. It suffices to prove u+ ∈ ZEF implies that u− ∈ ZEF . The other parts are
similar or obvious.
From Lemma 3.1 we have that degA(x
u+) belongs to F and therefore degA(x
u−)
belongs to F , since the binomial B(u) is A-homogeneous.
Let u− = (u−,1, . . . , u−,m). For any vector cF which defines the face F we have
that cF · (
∑m
i=1 u−,iai) = 0. Thus
∑m
i=1 u−,i(cF · ai) = 0. But u−,i ≥ 0 for all i,
and cF ·ai > 0 for every i 6∈ EF , while cF ·ai = 0 for every i ∈ EF . So we conclude
that u−,i = 0 for every i 6∈ EF . Consequently u− ∈ ZEF . 
Proposition 3.4. Let (L, ρ) be a partial character on Zm. For a face F of σL =
posQ(A), the ideals ILF ,ρ and IL∩ZEF ,ρ coincide.
Proof. From Corollary 1.3 in [8] the ideal ILF ,ρ has a generating set
{B(u1), . . . , B(uq)} ⊂ IL,ρ ∩K[EF ].
So ui belongs to L, for every i = 1, . . . , q. If ui /∈ ZEF , then, from Lemma 3.3, both
(ui)+ /∈ ZEF , (ui)− /∈ ZEF and therefore B(ui) is not in ILF ,ρ, a contradiction, so
ui ∈ L ∩ ZEF . Conversely if B(v) belongs to IL∩ZEF ,ρ, then v belongs to L and
therefore B(v) ∈ IL. Moreover v ∈ ZEF , so, again from Lemma 3.3, both v+ and
v− belong to ZEF . Thus B(v) ∈ K[EF ] and therefore belongs to ILF ,ρ. 
The next theorem generalizes results of S. Eliahou-R. Villarreal [9] and K. Eto
[10, 11].
Theorem 3.5. Let (L, ρ) be a partial character on Zm, u1, . . . ,uq be elements
of the lattice L and σL = posQ(A) the rational polyhedral cone associated to IL,ρ.
Then
rad(IL,ρ) = rad(B(u1), B(u2), . . . , B(uq))
if and only if
(i) {B(u1), B(u2), . . . , B(uq)} is a cover of A,
(ii) for every face F of σL we have
L ∩ ZEF =
∑
ui∈ZEF
Zui,
in characteristic zero. While in characteristic p > 0,
(L ∩ ZEF ) : p∞ = (
∑
ui∈ZEF
Zui) : p∞.
Proof. (⇒) (i) Let E ⊂ {1, . . . ,m} that is not in the form EF for any face
F of σL. Then for all j the point (Pj)E is not a point of V (IL,ρ), since (Pj)E
belongs to the cell (K∗)E and E is of the above form. Thus (Pj)E is not a point
of V (B(u1), B(u2), . . . , B(uq)) and therefore there is an i ∈ {1, . . . , q} such that
B(ui)((Pj)E) 6= 0. On the other hand
B(ui)(Pj) = 0, since Pj ∈ XA,j.
If supp(ui) ⊂ E then we have
B(ui)((Pj)E) = B(ui)(Pj) = 0,
a contradiction. So supp(ui) 6⊂ E which implies that
x(ui)−((Pj)E) = 0 or x
(ui)+((Pj)E) = 0.
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Since B(ui)((Pj)E) 6= 0 we have
x(ui)+((Pj)E) 6= 0 and x
(ui)−((Pj)E) = 0 or
x(ui)+((Pj)E) = 0 and x
(ui)−((Pj)E) 6= 0.
Thus (ui)+ ∈ ZE and (ui)− 6∈ ZE or (ui)− ∈ ZE and (ui)+ 6∈ ZE . Consequently
{B(u1), B(u2), . . . , B(uq)} is a cover of A.
(ii) Let F be a face of σL. Set G =
∑
ui∈ZEF
Zui, B = {B(u1), . . . , B(uq)} and
B ∩K[EF ] = {B(ui1), . . . , B(uit)}. In any characteristic we have IG,ρ ⊂ IL∩ZEF ,ρ
and also
(B(ui1 ), . . . , B(uit)) ⊂ IG,ρ ⊂ IL∩ZEF ,ρ.
Thus
rad(B(ui1 ), . . . , B(uit)) ⊂ rad(IG,ρ) ⊂ rad(IL∩ZEF ,ρ).
But rad(IL,ρ) = rad(B(u1), B(u2), . . . , B(uq)), so combining Propositions 3.2 and
3.4, since every binomial in IL,ρ is A-homogeneous, we deduce that
rad(IL∩ZEF ,ρ) = rad(B(ui1 ), . . . , B(uit))
and therefore
rad(IG,ρ) = rad(B(ui1 ), . . . , B(uit)).
Thus rad(IL∩ZEF ,ρ) = rad(IG,ρ). In characteristic zero we have that IG,ρ =
IL∩ZEF ,ρ, so L ∩ Z
EF = G, while in characteristic p > 0 it holds IG:p∞,ρ =
IL∩ZEF :p∞,ρ, so G : p
∞ = L ∩ ZEF : p∞, see [8].
(⇐) It is enough to prove that V (B(u1), B(u2), . . . , B(uq)) ⊂ V (IL,ρ). Let y ∈
V (B(u1), B(u2), . . . , B(uq)) ⊂ K
m and assume that y ∈ (K∗)E , where E is not of
the form EF for a face F of σL. Then there is an i ∈ {1, . . . , q} such that (ui)+ ∈ ZE
and (ui)− 6∈ ZE since {B(u1), B(u2), . . . , B(uq)} is a cover of A. This means that
B(ui)(y) 6= 0, a contradiction to the fact that y ∈ V (B(u1), B(u2), . . . , B(uq)).
Thus y ∈ (K∗)EF , for a face F of σL. Let v ∈ L. We will prove that B(v)(y) = 0.
If v /∈ ZEF , then by Lemma 3.3 both v+, v− do not belong to ZEF and therefore
B(v)(y) = 0. Suppose now that v ∈ ZEF , which implies that B(v) ∈ IL∩ZEF ,ρ. Set
C = {ui|supp(ui) ⊂ EF} ⊂ ZEF . Then
(1) by hypothesis in characteristic zero we have that C spans the lattice L∩ZEF .
Thus, from Lemma 2.1, the binomial B(v) belongs to the ideal JC,ρ :<∏
j∈EF
xj >
∞. But y belongs to V (B(u1), B(u2), . . . , B(uq)), which in
particular implies that y ∈ V (B(ui)|ui ∈ C). Consequently B(v)(y) = 0.
(2) by hypothesis in characteristic p > 0 we have that
(L ∩ ZEF ) : p∞ = (
∑
ui∈C
Zui) : p∞,
so I(L∩ZEF ):p∞,ρ = IG:p∞,ρ and therefore rad(IL∩ZEF ,ρ) = rad(IG,ρ) where
G =
∑
ui∈C
Zui. Thus (B(v))k ∈ IG,ρ, so B(v)(y) = 0 since IG,ρ = JC,ρ :
p∞. 
It is well known, see Proposition 8.7 in [8] and Proposition 3.4 in [10], that every
lattice ideal is the set-theoretic intersection of its circuits. Therefore a cover of A
always exists. In the case that the σL is a simplex cone it is easy to find a cover.
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For an ai ∈ A, 1 ≤ i ≤ m, we define Fai to be the minimal face of σL that contains
ai, i.e.
Fai = ∩ai∈FF ,
since any intersection of faces of σL is a face of σL.
Proposition 3.6. Let (L, ρ) be a partial character on Zm such that the rational
polyhedral cone σL = posQ(A) ⊂ Qn associated to IL,ρ is a simplex cone of dimen-
sion n, then there exist a cover of A consisting of m− n binomials.
Proof. The strongly convex cone σL is n-dimensional and also it is a simplex cone,
so we choose one vector for each extreme ray of σL and obtain a linearly independent
set B ⊂ A consisting of n vectors such that σL = posQ(B). Remark that the choice
of the above vectors is not unique. Let A = {a1, . . . , am}. We rearrange the vectors
in A such that the first n vectors, i.e. a1, . . . , an, are the elements of B. Every Fai
is a rational polyhedral cone, so Fai is of the form posQ(aj |j ∈ EFai ∩ {1, . . . , n}).
For every i ∈ {n+1, . . . ,m} the vector ai belongs to Fai , so there exist a binomial
B(ui) = x
gi
i −Ni ∈ IL,ρ where x
gi
i = x
(ui)+ , Ni = x
(ui)− and the support of (ui)−
equals EFai ∩ {1, . . . , n}. We claim that the set {B(un+1), . . . , B(um)} is a cover
of A.
Let E ⊂ {1, . . . , n, n + 1, . . . ,m} which is not of the form EF for a face F of the
cone σL. Let HE = posQ(aj |j ∈ E ∩ {1, . . . , n}), then HE is a face of the simplex
cone σL. We have that E∩{1, . . . , n} $ E and therefore E has at least one element
belonging to the set {n+ 1, . . . ,m}. There are two cases:
(1) The set E has an element i ∈ {n + 1, . . . ,m} such that ai /∈ HE . Then
EFai ∩ {1, . . . , n} is not a subset of E, since if it was the vector ai should
belong toHE . For the binomial B(ui) we have (ui)+ ∈ ZE and (ui)− /∈ ZE .
(2) For every element i ∈ {n+1, . . . ,m} of E the vector ai ∈ HE . In this case
there exist a j ∈ {n + 1, . . . ,m}, which does not belong to E, such that
aj ∈ HE . If not, we have that HE = posQ(aj |j ∈ E) and therefore E =
EHE contradiction. For the binomial B(uj) ∈ IL,ρ we have (uj)− ∈ Z
E ,
since Faj ⊂ HE , and (uj)+ /∈ Z
E .
The preceding discussion yields that {B(un+1), . . . , B(um)} is a cover of A. 
Let us explain why there are lattices which require a huge number of binomials to
generate the radical of a lattice ideal up to radical. The first condition of Theorem
3.5 states that you need a number of binomials to cover A. In the case that
σL is a simplex cone of dimension n Proposition 3.6 provides a cover consisting
of m − n binomials. But if the geometry of the cone is complicated, then the
number of binomials increases. In [15] we studied an example of a family of toric
ideals of dimension n and proved, by explicit computation of 5
(
n
3
)
+6
(
n
4
)
binomials
generating the toric ideal up to radical, that the binomial arithmetical rank is equal
to 5
(
n
3
)
+6
(
n
4
)
. The above binomials constitute a cover and actually one can easily
prove that there is no cover with less than 5
(
n
3
)
+ 6
(
n
4
)
binomials. The second
condition depends also on the characteristic of the field and it states that you do
not only need to generate the lattice or the p-saturation of it in the characteristic
p case, but also sublattices or their p-saturations that are associated to the faces of
the cone σL. The examples given by M. Barile in [1] show this effect very clearly
and the dependance also on the characteristic. In [1] M. Barile provide a family of
toric ideals of dimension n and height n that their cones σL are simplex cones, so
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to cover A you need only n binomials, see proposition 3.6. While to generate the
lattice and the sublattices associated to the faces of the cone σL you need n+
(
n−1
2
)
binomials when the characteristic of the field is not equal to p. In characteristic p
exactly n elements of the lattice provide a cover and generate also the p-saturations
of all the sublattices associated to the faces of the cone σL. In this case the toric
ideals are binomial set theoretic complete intersections and the lattice is completely
p-glued [20].
To compute the exact value of the binomial arithmetical rank is not usually an
easy process, since one can use the same or modify some binomials to satisfy more
than one conditions of Theorem 3.5, as the following example shows. Note that the
procedure may depend also on the characteristic of the field.
Example 3.7. In this example we apply our methods to compute the exact value
of the binomial arithmetical rank of a lattice ideal. For a different approach to the
same example see also [11]. Given an n ×m matrix M with columns the vectors
of the set A = {a1, . . . , am} ⊂ Zn and a saturated lattice L = kerZ(M) ⊂ Zm, the
toric ideal IL,1 will be denoted by IA. For a face F of posQ(A) we shall denote
by AF the set {ai|i ∈ EF}. We consider the set of vectors A = {(a1, a2, a3) ∈
N3 | a1 + a2 + a3 = 3}. The vectors of A are the transpose of the columns of the
matrix
M3,3 =

3 0 0 2 1 0 0 2 1 10 3 0 1 2 2 1 0 0 1
0 0 3 0 0 1 2 1 2 1

 .
Consider the toric ideal IA ⊂ K[x1, . . . , x10]. The toric variety V (IA) ⊂ K
10 is the
so called (3, 3)-Veronese toric variety.
The cone posQ(A) is a three dimensional simplicial cone with three facets F1,F2,F3.
For EF1 = {1, 2, 4, 5}we can see, using [19], that the set C1 = {u1,u2,u3} spans the
lattice L∩ZEF1 where u1 = (2, 1, 0,−3, 0, 0, 0, 0, 0, 0), u2 = (1, 0, 0,−2, 1, 0, 0, 0, 0, 0)
and u3 = (1, 2, 0, 0,−3, 0, 0, 0, 0, 0). Moreover
IAF1 = (B(u1), B(u2), B(u3)).
For EF2 = {2, 3, 6, 7} we can see, using [19], that the set C2 = {u4,u5,u6} spans
the lattice L ∩ ZEF2 where u4 = (0, 2, 1, 0, 0,−3, 0, 0, 0, 0), u5 = (0, 1, 0, 0,
0,−2, 1, 0, 0, 0) and u6 = (0, 1, 2, 0, 0, 0,−3, 0, 0, 0). In fact
IAF2 = (B(u4), B(u5), B(u6)).
For EF3 = {1, 3, 8, 9} we use [19] to deduce that the set C3 = {u7,u8,u9} spans
the lattice L ∩ ZEF3 where u7 = (2, 0, 1, 0, 0, 0, 0,−3, 0, 0), u8 = (1, 0, 0, 0, 0, 0, 0,
− 2, 1, 0) and u9 = (1, 0, 2, 0, 0, 0, 0, 0,−3, 0). In fact
IAF3 = (B(u7), B(u8), B(u9)).
For Eσ = {1, . . . , 10} we can see that
L = L ∩ ZEσ = Zu1 + Zu2 + Zu4 + Zu5 + Zu8 + Zu10 + Zu11
where u10 = (1, 0, 0,−1, 0, 0, 0,−1, 0, 1) and u11 = (0, 0, 0, 1, 0, 0, 1, 0, 0,−2). For
the singleton E = {10} there is a binomial, namely B(u11), in the toric ideal IA
such that (u11)− ∈ ZE and (u11)+ /∈ ZE . Therefore we can check that the set
{B(u1), B(u3), B(u4), B(u6), B(u7), B(u9), B(u11)}
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is a cover of A. Thus rad(IA) = rad(B(u1), . . . , B(u11)) and so bar(IA) ≤ 11.
Suppose that K is a field of characteristic zero. We will prove that bar(IA) = 11.
Let B be a set of binomials which generate IA up to radical. Using the fact that
every IAFi is generated up to radical by 3 binomials and it is not a set-theoretic
complete intersection on binomials see [4], we take, from Proposition 3.2, that B
has at least 9 binomials. Let B(v1i ), B(v
2
i ), B(v
3
i ) ∈ IFi , 1 ≤ i ≤ 3, be those 9
binomials. Note that in all these binomials the variable x10 does not appear. Since
the set B must cover the set {10} it must contain also a monic binomial B(w) ∈ IA
in x10. Note that for such w = (w1, . . . , w10) ∈ Z10 we have w10 > 1. Consider
the vector z = (1, 0, 0,−1, 0, 0, 0,−1, 0, 1) ∈ L. It does not belong to the lattice
generated by the 9 vectors vji plus the vector w, since the last coordinate is 1.
Consequently in B there are more than 10 binomials. Therefore bar(IA) ≥ 11, we
conclude that bar(IA) = 11.
In the case that K is a field of characteristic p > 0 we have that ara(IAFi ) =
bar(IAFi ) = 2, see [3]. In fact when K is a field of characteristic 3 we have that
bar(IA) = 7 since
rad(IA) = rad(B(u1), B(u3), B(u4), B(u6), B(u7), B(u9), B(v)),
where v = (1, 1, 1, 0, 0, 0, 0, 0, 0,−3), and the height of IA equals 7. This means also
that the semigroup generated by A is completely 3-glued, see [4]. When K is a field
of characteristic p 6= 3 the toric ideal IA is generated up to radical by 8 binomials.
4. Applications
Complete intersection lattice ideals have been characterized in [14], [20], either
in terms of semigroup gluing or in terms of mixed dominating matrices. Both
characterizations show that the problem of determining the complete intersection
property for lattice ideals is in the NP-class [14], [22]. Therefore it is interesting
to find better criteria for establishing that a lattice ideal is or is not a complete
intersection. In this direction such criteria were given in [17] which can be read
off from the geometry of the cone σL. Our next Theorem provides a criterion
depending on the lattices associated to the faces of the cone σL. It generalizes in
a more geometric setting a result by K. Eto (see Lemma 1.6 in [12]) for complete
intersections lattice ideals and the proof, contrary to the proof in [12], uses mixed
dominating matrices. Note that lattice divisors correspond to facets of the cone
σL.
Theorem 4.1. Let L be a nonzero positive sublattice of Zm and (L, ρ) be a partial
character on Zm. Then IL,ρ is complete intersection if and only if for every face F
of σL the lattice ideal IL∩ZEF ,ρ is complete intersection.
Proof. (⇐) For F = σL we have that IL∩ZEσL ,ρ = IL,ρ is complete intersection.
(⇒) Suppose that IL,ρ = (B(u1), . . . , B(ur)) is complete intersection, where r =
rank(L). Given a set {v1, . . . ,vq} ⊂ Zm, we shall denote by M(v1, . . . ,vq) the
q × m matrix whose rows are the vectors v1, . . . ,vq. From Theorem 3.9 in [20]
we have that the matrix M(u1, . . . ,ur) is mixed dominating while from Theo-
rem 3.5 we deduce that L ∩ ZEF =
∑
ui∈ZEF
Zui. Set U = {u1, . . . ,ur} and
U ∩ ZEF = {ui1 , . . . ,uik}. Recall that a matrix M with coefficients in Z is called
mixed dominating if it is mixed, i.e. every row has a positive and negative entry, and
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also it does not contain any square mixed submatrix. By Corollary 2.8 in [13] the
vectors u1, . . . ,ur are linearly independent, so in particular the set U ∩ ZEF is lin-
early independent. Thus it is a Z-base for the lattice L∩ ZEF . Also M(u1, . . . ,ur)
is mixed dominating, so M(ui1 , . . . ,uik) is mixed dominating. Thus again from
Theorem 3.9 in [20] we have that IL∩ZEF ,ρ is complete intersection. 
Next we will use the results of section 3 to generalize Theorem 1 and Theorem
2 of [3].
Proposition 4.2. Let E1 ⊂ E2 ⊂ {1, . . . ,m}, L ⊂ Zm be a lattice and L1 =
L ∩ ZE1 , L2 = L ∩ ZE2 . Every Z-basis (resp. spanning set) of L1 can be extended
to a Z-basis (resp. spanning set) of L2.
Proof. It is enough to consider the case that E2 = E1 ∪ {i}. Let {u1, . . . ,ur} be
a Z-basis of L1. There are two cases.
(1) Every element v ∈ L2 has the i-coordinate equal to zero. Then supp(v) ⊂
E1, so v ∈ L ∩ ZE1 = L1. Thus L2 ⊂ L1 and therefore L2 = L1.
(2) There are elements in L2 with i-coordinate different from zero. Choose
ur+1 ∈ L2 such that its i-th coordinate (ur+1)i is positive and this is
the least possible i-coordinate among all elements of L2. Remark that
ur+1 /∈ L1. If ur+1 ∈ L1, then there are λ1, . . . , λr ∈ Z such that ur+1 =
λ1u1 + · · ·+ λrur. But (ur+1)i > 0 while (u1)i = · · · = (ur)i = 0.
Let v ∈ L2. If (v)i = 0, then v ∈ L1. Suppose that (v)i > 0, the case that
(v)i < 0 is similar. Divide (v)i with (ur+1)i, so there exist λ, µ ∈ Z such
that (v)i = λ(ur+1)i + µ and 0 ≤ µ < (ur+1)i. Set w = v − λur+1 ∈ L2.
Remark that (w)i = µ ≥ 0. Since w ∈ L2 and (w)i ≥ 0, we have, from
the choice of ur+1, that µ = 0. Thus w ∈ L ∩ ZE1 = L1 and therefore
v ∈
∑r+1
i=1 Zui. It remains to prove that the vectors u1, . . . ,ur,ur+1 are
Z-linearly independent. Consider an equality
λ1u1 + · · ·+ λrur + λr+1ur+1 = 0.
Then λ1(u1)i + · · · + λr(ur)i + λr+1(ur+1)i = 0 and therefore λr+1 = 0.
But u1, . . . ,ur are Z-linearly independent, so λ1 = · · · = λr = 0. 
Definition 4.3. We say that a configuration of vectors A = {a1, . . . , am} is full if
(1) the cone σ = posQ(A) is an n-dimensional simplex cone generated by
a1, . . . , an, i.e. σ = posQ(a1, . . . , an), and
(2) for each n < i ≤ m we have Fai = σ. This means that the vectors ai,
n < i ≤ m, are in the relative interior relintQ(a1, . . . , an) of σ, which is the
set of all strictly positive rational linear combinations of a1, . . . , an.
Theorem 4.4. Let (L, ρ) be a partial character on Zm such that the configuration
of vectors associated to the lattice L is full, then
(1) in characteristic zero IL,ρ is either a set theoretic complete intersection or
an almost set theoretic complete intersection
(2) in positive characteristic IL,ρ is a set theoretic complete intersection.
Proof. Let A = {a1, . . . , am} ⊂ Zn be the configuration of vectors associated to
L, then every face of σL is of the form posQ(ai|i ∈ E), for a subset E of {1, . . . , n}.
Moreover for every face F 6= σL we have that L ∩ ZEF = {0}, since A is full.
Applying Proposition 4.2 to the lattices L∩ZEi , where Ei = {1, . . . , i} and n < i ≤
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m, we obtain a Z-basis {un+1, . . . ,um} of the lattice L. Remark that supp(ui) ⊂
Ei, the i-coordinate of ui is positive and also this is the least possible i-coordinate
among all elements of L ∩ ZEi . In addition, using the fact that for every i ∈
{n + 1, . . . ,m} it holds Fai = σL, we take binomials B(vi) ∈ IL,ρ, n < i ≤ m,
with supp((vi)+) = {1, . . . , n} and supp((vi)−) = {i}. Note that un+1 is in that
form, so we will consider vn+1 := un+1. Now we will distinguish two cases for the
characteristic of the field K.
(1) The characteristic of K is equal to zero. We will construct m − n + 1
binomials that generate the radical of IL,ρ up to radical. Given an index i ∈
{n+ 3, . . . ,m}, there are appropriate large positive integers rn+1, . . . , ri−2
such that for every j ∈ {n + 1, . . . , i − 2} the j-coordinate of wi = ui −∑i−2
j=n+1 rjvj is positive. Furthermore, there exist a big enough positive
integer r such that for every j ∈ {1, . . . , n} the j-coordinate of zi = wi +
rvi−1 is positive, while also the j-coordinate, n + 1 ≤ j ≤ i − 2, of zi is
positive, since are the same as wi. Notice that the vectors zi ∈ L and
ui have the same i-coordinate and also supp(zi) = Ei. But the lattice
L is positive, so L ∩ Nm = {0} and therefore the (i − 1)-coordinate of
zi is negative. Set zn+1 = un+1 and zn+2 = un+2. From the proof of
Proposition 4.2 we have that {zn+1, . . . , zm} is a Z-basis of L. Let zm+1 =
vm, then for every i ∈ {n+1, n+3, . . . ,m+1} the binomial B(zi) is of the
form B(zi) = x
gi−1
i−1 − Ni−1 where Ni−1 is a monomial not containing the
variable xi−1. Thus the set {B(zn+1), B(zn+3), . . . , B(zm+1)} is a cover of
A. Using Theorem 3.5 we take that the m− n+ 1 binomials B(zi), where
n < i ≤ m+ 1, generate the radical of the lattice ideal up to radical.
(2) The characteristic of K is equal to p > 0. We are going to construct
m − n binomials that generate the radical of IL,ρ up to radical. Given
an index i ∈ {n + 2, . . . ,m}, there are appropriate large positive integers
rn+1, . . . , ri−1 such that for every j ∈ {n+1, . . . , i− 1} the j-coordinate of
wi = ui +
∑i−1
j=n+1 rjvj is negative. Note that
(a) the i-coordinate of wi coincides with the i-coordinate of ui and both
of them are positive,
(b) the i-coordinate of vi is equal to −t(ui)i for a positive integer t,
where (ui)i is the i-coordinate of ui, since (ui)i is the least possible
i-coordinate among all elements of L ∩ ZEi .
Given a power pk of p, there exist integers r, s ∈ Z such that pk = rt+s and
0 ≤ s < t. We choose a big enough k such that for every j ∈ {1, . . . , n} the
j-coordinate of yi := swi − rvi ∈ L, n+ 1 < i ≤ m, is negative. Therefore
the binomial B(yi) is of the form B(yi) = x
gi
i −Ni, where Ni is a monomial
not containing the variable xi, supp(yi) = Ei and the i-coordinate of yi is
pk(ui)i. Let yn+1 = un+1, then the set {B(yn+1), . . . , B(ym)} is a cover
of A. It remains to prove that
(L ∩ ZEi) : p∞ = (
i∑
j=n+1
Zyj) : p∞, for every i = n+ 1, . . . ,m.
The proof is obvious for i = n+ 1, since
L ∩ ZEn+1 = Zun+1 = Zyn+1.
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Assume that (L ∩ ZEi−1) : p∞ = (
∑i−1
j=n+1 Zyj) : p
∞. We have
(
i∑
j=n+1
Zyj) : p∞ ⊂ (L ∩ ZEi) : p∞,
since (
∑i
j=n+1 Zyj) ⊂ L ∩ Z
Ei . Now we will prove that
(L ∩ ZEi) : p∞ ⊂ (
i∑
j=n+1
Zyj) : p∞.
Let g ∈ (L ∩ ZEi) : p∞, then pbg ∈ L ∩ ZEi , for a b ∈ N, and therefore
pbg = λn+1un+1 + · · · + λiui for some integers λn+1, . . . , λi. Remark that
λn+1un+1+ · · ·+λi−1ui−1 belongs to L∩ZEi−1 . This means that there is a
c ∈ N such that pc(λn+1un+1 + · · ·+ λi−1ui−1) belongs to (
∑i−1
j=n+1 Zyj) :
p∞. Moreover yi−p
kui belongs to L∩ZEi−1 , so there is a natural number d
such that pd(yi−p
kui) ∈
∑i−1
j=n+1 Zyj and therefore p
d+kui ∈
∑i
j=n+1 Zyj .
Thus pc+d+kg belongs to
∑i
j=n+1 Zyj . Using Theorem 3.5 we take that the
m − n binomials B(yi), where n < i ≤ m, generate the radical of IL,ρ up
to radical. 
Example 4.5. Let m be a fixed integer number greater than or equal to 8 and let
L(m) be the sublattice of Z4 generated by e1 = (m+2q− 3,−m+2q+5,−1,−1),
e2 = (−m− 2q+ 5,m− 2q− 3,−1,−1), e3 = (−m− 2q+ 5,−1,m− 3,−1), where
q = 0 when m is even and q = 1 otherwise. It is easy to check that L(m) has rank
3; thus, IL(m),1 is a lattice ideal in K[x1, . . . , x4] of codimension 3 where K is a
field of any characteristic. Moreover L(m) is not saturated because (2, 2,−2,−2) =
e1 + e2 ∈ L(m) and it is easy to check that (1, 1,−1,−1) /∈ L(m); therefore, the
lattice ideal IL(m),1 is never toric. In [21] Ojeda proved that the lattice ideal IL(m),1
is generic and minimally generated by m elements, i.e.
f1 = x
m+2q−3
1 − x
m−2q−5
2 x3x4, f2 = x
m−2q−3
2 − x
m+2q−5
1 x3x4,
f3 = x
m−3
3 − x
m+2q−5
1 x2x4
f12 = x
2
1x
2
2 − x
2
3x
2
4
f i23 = x
2i−1
2 x
m−2i−3
3 − x
m+2q−2i−5
1 x
2i+1
4 , i = 1, . . . ,
m
2
+
q
2
− 3
f j13 = x
2j
1 x
m−2j−2
3 − x
m−2q−2j−2
2 x
2j
4 , j = 1, . . . ,
m
2
−
q
2
− 2
and
f123 =
{
xm−34 − x1x
m−5
2 x3 if m is even
xm−34 − x
m−3
1 x2x3 if m is odd.
On the other hand for every integer m ≥ 8 consider the homomorphism φm :
Z4 → Z defined by φm(a, b, c, d) = a + b + c + d if m is even, and φm(a, b, c, d) =
a(m− 6) + b(m− 2) + c(m− 4) + d(m− 4) if m is odd. By direct computation we
can check that L(m) ⊂ kerφm, so that Sat(L(m)) = kerφm. We can associate to
L(m) the rational polyhedral cone σL(m) = posQ(A) where
(1) A = { 1, 1, 1, 1} when m is even and
(2) A = {m− 6,m− 2,m− 4,m− 4} when m is odd.
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In both cases the cone σL(m) = posQ(A) has only one nonzero face F = posQ(A).
So L(m) ∩ (Z4)EσL(m) = L(m) =< e1, e2, e3 >. To cover A we need also the bino-
mial f123. So, from Theorem 3.5, we have that rad(IL(m),1) = rad(f1, f2, f3, f123).
Therefore IL(m),1 is an almost set theoretic complete intersection in the character-
istic zero case. In positive characteristic we have, from Theorem 4.4, that it is set
theoretic complete intersection and the 3 binomials which generate rad(IL(m),1) up
to radical depend on the characteristic.
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